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L? harmonic forms and stability of hypersurfaces
with constant mean curvature

Xu Cheng

Abstract. We prove that a complete noncompact oriented strongly stable hypersurface
M™ with cmc (constant mean curvature) H in a complete oriented manifold N” ! with
bi-Ricci curvature, satisfying b-Ric(u, v) > ”2(—':1'@ H? along M, admits no nontrivial L
harmonic 1-forms. This implies if M" (2 < n < 4) is a complete noncompact strongly
stable hypersurface in hyperbolic space H ntl(—1) with cme H (H? > %i—%), there
exist no nontrivial L? harmonic 1-forms on M. We also classify complete oriented
strongly stable surfaces with cmc H in a complete oriented manifold N3 with scalar
curvature S satisfying inf y; § > —3H2.

Keywords: Riemannian manifold, Strongly stable hypersurface, Constant mean
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0. Introduction

The Bernstein conjecture states that any complete minimal graph in R"*! is a
hyperplane. It is known to be true for n < 7 and false for » > 8. In [Si], Simons
studied the stability of minimal hypersurfaces and concluded the nonexistence
of stable compact oriented minimal hypersurfaces in a space of positive Ricci
curvature. Since then, there have been a lot of work in the stability of minimal
and constant mean curvature hypersurfaces. For example, in [dCP] and [FS],
do Carmo and Peng, and Fischer-Colbrie and Schoen independently proved that
complete oriented stable minimal surfaces in R* are planes. But this result for
higher dimensions is still not known. In [P], Palmer considered L?> harmonic
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forms on a complete noncompact oriented stable minimal hypersurface M in
R"*! and proved that there exist no nontrivial L2 harmonic 1-forms on such an
M. According to Corollary 1 in [D](p.293), nonexistence of nontrivial L? har-
monic 1-forms on M implies any codimension one cycle on M must disconnect
M. Hence, Palmer’s result gave some topological obstruction for the stability of
M. This result has been recently generalized by Miyaoka ([M]) and Tanno([T]).
In [M], Miyaoka obtained that there exist no nontrivial L?-harmonic 1-forms on
a complete noncompact oriented stable minimal hypersurface in a complete ori-
ented manifold N"*! with nonnegative sectional curvature. In [T], this result was
shown to hold for minimal hypersurfaces in an ambient manifold N**! with non-
negative bi-Ricci curvature (See the definition of bi-Ricci curvature in §1). Also,
in [L], Li considered the case that M" (2 < n < 5) is a hypersurface with con-
stant mean curvature. He proved that a complete noncompact oriented strongly
stable hypersurface M" (2 < n < 5) with constant mean curvature in a complete
oriented manifold N"*! of non-negative bi-Ricci curvature admits no nontrivial
L? harmonic 1-forms. On the other hand, Anderson ([A]) proved that there is
arich class of complete area-minimizing graphs in hyperbolic space H"™!(—1)
with certain (allowable) prescribed asymptotic behavior and hence the classical
Bernstein theorem fails in H"*!(—1). Thus, it is natural to consider complete
stable hypersurfaces with nonzero constant mean curvature in H**!(—1). For
example, da Silveira ([S]) obtained a result, similar to that in[dCP] and [FS], on
complete noncompact stable surfaces with constant mean curvature in H>(—1).
In this paper, we consider the relation between strong stability of hypersurfaces
with constant mean curvature and existence of L? harmonic 1-forms on them.
In Theorem 1, we prove that an n-dimensional complete noncompact oriented
strongly stable hypersurface M" with constant mean curvature H in a complete
oriented manifold N"**! with bi-Ricci curvature b-Ric, satisfying along M

(n — S)n? 0
4

admits no nontrivial ? harmonic 1-forms on M. In particular we obtain the result
corresponding to Palmer’s result in hyperbolic space H"*!(—1) for2 < n < 4
(Corollary 1). In theorem 2, we show that A" has some geometric properties
if M is a compact oriented strongly stable hypersurface with constant mean
curvature H in a complete oriented manifold N"*! with bi-Ricci curvature b-Ric
satisfying (0.1) and if M admits a nontrivial harmonic 1-form (i.e. the first
Betti number 8;(M) # 0, by Hodge’s theorem). Since not much is known
about the stability of complete hypersurfaces with H # 0 in a general ambient
manifold when » > 3, our results in theorem 1 and 2 give some topological

b-Ric(u, v) > (0.1)
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HARMONIC FORMS AND STABILITY OF HYPERSURFACES 227

obstruction to it. Theorem 3 is a generalized version of Fischer-Colbrie and
Schoen’s theorem on complete oriented stable minimal surfaces in a complete
oriented 3-manifold of non-negative scalar curvature. In this theorem, we give
the classification of complete strongly stable oriented surfaces with constant
mean curvature H in a complete oriented manifold N° with scalar curvature
S satisfying infy § > —3H?. This theorem is also related to the result on
complete weakly stable oriented surfaces with constant mean curvature H in a
complete oriented manifold N3 in [F]. In [F], Frensel proved the genus of M
satisfies g < 3 when M is a compact oriented weakly stable surface with constant
mean curvature H in a 3-dimensional complete oriented manifold N with Ricci
curvature satisfying infy Ricy > —2H?. By comparing this result with our
theorem 3 (i), we obtain that if inf R~icN > —2H?, then g < 3 when M is
weakly stable; and g < 1 when M is strongly stable. Both results are sharp.

§1. Notations and statements of theorems

Let N"*! be a complete oriented (1 + 1)-dimensional Riemannian manifold. Let
i: M"— N""!beacomplete oriented isometric immersion of a connected
manifold M. Denote by V and V the Levi-Civita connection of N and M respec-
tively. Fixapoint p € M and alocal orthonormal frame field {¢}, e, - - - , e,, N}
at p on N such that {ey, e, - - - , e,} are tangent fields and N is a unit normal
vector field at p on M. Define a linear map A : T,M — T, M by

(AX, ) = (V57 ),
where X, Y are tangent fields. Define mean curvature of M as
1
H=—(TrA).
n
Recall that M is said to be strongly stable if
10 = [ (VAP = Rie(w, ) + 1AW 20, (L)
M
for every C* function & : M — R with compact support. Here V# is the
gradient of %, and dv is the volume form.
M is said to be weakly stable if (1.1) is true for every C* functionh : M — R
with compact support satisfying [, fdv = 0.

To state our result we need to recall the definitions of L2 harmonic 1-form and
bi-Ricci curvature for a Riemannian manifold.
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Definition 1.1. A 1-form w on an n-dimensional complete oriented Riemannian
manifold M is said to be L? harmonic if it satisfies

/a)/\*a)<+oo, Aw =0,
M

where A = d& + 8d is the Hodge-Laplace operator on M.
By Proposition 1 in [Y], a 1-form @ is L? harmonic if and only if

/a)/\*a)<+oo, dow=0, 6éw=0.
M

In a local orthonormal frame field {e;, ez, -+ ,e,}atp € M, dw =0, éw =0
are equivalent respectively to

(Vio)(p) = (Vo) (p), i,j=1,---,n ) (Via)(p)=0.
i=1

where .
Viwj = V), © = Z%’Qﬂj,
i=1
and {p', %, ---, ¢"} is the coframe field dual to {e1, ez, -, e,} (See [W],
p-302).

Definition 1.2. Given N**! an (n+ 1)-dimensional Riemannian manifold, and
u, v two orthonormal tangent vectors, the bi-Ricci curvature in the directions
u, v is defined as

b-Ric(u, v) = Ric(u) + Ric(v) — K (u, v).

Remark 1. From this definition we see that the nonnegativity of the sectional
curvature of N"*! implies the nonnegativity of the bi-Ricci curvature of N**1.
If the dimension of N is 3, the bi-Ricci is equal to the scalar curvature S, where

S =K(er,e)+ K(er, e3) + K(ez, e3)

for an orthonormal base {e), 3, e3} in 7, N. The concept of bi-Ricci curvature
was introduced in [ShY]. In their paper, they gave an estimate of the diameter of
a closed stable minimal hypersurface in N () < n < 4), with b-Ric strictly
positive. This is the generalization of a result of Schoen and Yau [ScY} (that is
valid for n = 2 ) when scalar curvature is replaced by bi-Ricci curvature.

In our paper, we prove that
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HARMONIC FORMS AND STABILITY OF HYPERSURFACES 229

Theorem 1. Let M" be a complete noncompact oriented strongly stable hy-
persurface with constant mean curvature H in a manifold N"™' with bi-Ricci
curvature b-Ric, satisfying along M

n —S)n?
n=m o
4
Then there exist no nontrivial L* harmonic 1-forms on M. In particular, any

codimension one cycle on M disconnects M.
From this theorem, we have directly

b-Ric(u, v) >

Corollary 1. Let M" (2 < n < 4) be a complete noncompact strong stable
hypersurface with constant mean curvature H in hyperbolic space H"1(—1).

I
_4en-1)

— (5 —-n)n?’

there exist no nontrivial L* harmonic 1-forms on M.

H2

Remark 2. The hypersurfaces satisfying the condition of theorem 1 indeed
exist. For example the horospheres (with constant mean curvature H = 1) in
hyperbolic space H>(—1) satisfy the condition of theorem 1.

Remark 3. Theorem 1 implies the conclusion in [L]. But in the case that
2<n<35, b-R~ic(u, v) is allowed to be nonpositive in our theorem, which results
in corollary 1. Also, the result for H = 0 (i.e. M" is a complete noncompact
stable minimal surface) in theorem 1 was proved in [T].

Theorem 2. Let M" be a compact oriented strongly stable hypersurface with
constant mean curvature H in a manifold N"*' with bi-Ricci curvature b-Ric
satisfying along M
(n — 5)n? '

4
If M" admits a nontrivial harmonic 1-form w, then w is parallel, and

b-Ric(u, v) >

(1) When n = 2, M is umbilic, and the scalar curvature of N 3 is a constant
S = —3H?along M. If H = 0, M is totally geodesic.

(2) Whenn > 3, M has n — 1 principal curvatures which are equal and the
other one is different if H # 0. If H = 0, M is totally geodesic.

Remark 4. When n = 2, the condition on the b-Ric curvature becomes S >
—3H?. For H = 0, the result in Theorem 2 was obtained in [T].
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Theorem 3. Let M? be a complete strongly stable oriented surface with con-
stant mean curvature H in a 3- dimensional manifold N with scalar curvature
S satisfying on M infy § > —3H?. Then there are two possibilities

(i) M is compact. Then M is conformally equivalent to the sphere S* or
t~he torus T?. If M is conformally equivalent to T?, M is umbilic, flat and
S = —3H?along M. IfS > —3H? along M, M is conformally equivalent
to §2.

(i) M isnoncompact. Then M is conformally equivalent to the complex plane
C or the cylinder C\{0}.

Remark 5. When H = 0, Theorem 3 was proved in [FS]. In [F], Frensel obtained
a result related to (ii) when M? is a complete noncompact weakly stable surface
with constant mean curvature in a manifold N3 with bounded geometry under
the condition that infy Ricy > —2H?2, where Ricy (u) = K(vi,u)+ I?(vz, u),
vi, v, € T,M, u, v, v, orthonormal in T, N. Also, in [M], Miyaoka gave a
proof of Fischer-Colbrie and Schoen’s result using harmonic 1-forms.

§2. Proofs of the theorems

First we prove an algebra lemma.

Lemma 2.1. Let A be an n x n real symmetric matrix with Tr A = nH. Then

n*(n — 5)H*?

2
1 X1, @D

IAIPIXI? — |AX|? +nH (AX, X) > —
for any n-vector X € R". Equality holds if and only if X = 0 or A = 0 or the
following case occurs:

(1) Whenn =2, AM=Aiy=H;

(2) When n > 3, there exists a unique j € {1,2,---,n} such that
A o= "<" 3)H lx;l = Xl # 0, and »; = 2H, x; = 0 for the
otherz #* ], where A1, - - - , A, are the eigenvalues of A, X = Z;‘:l x;: &,
and &1, &, --- , &, are the orthonormal eigenvectors of A corresponding
toAy, - ,)»n.
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Proof. Denote F(A, X) = || A||?| X||?—|AX||>4+nH (AX, X). We can choose
an orthonormal basis &y, - - - , &, of R" suchthat A§, = 1;§;,i =1,--- ,n. Then
we can express

X = Xn:xia’, AX = Xn:ltxi&, (Ax, x) = Xn:lixiz,
i=1 i—1 =1

and

F(A,X) = Q DIXIP =Y a2 +nH > nx?.
i=1 i=] i=1

Denote y? = || X||*>~x2, 1 <i <n.Then 31, y? = (n — 1)||X||%. We have
FA,X) =Y 2XI—xD) +nH Y nx}
i=l i=1

=S abE+rH Y LX) - )
i=1

i=1

n
=Y (O —nHr)y? +n?H?|| X
i=1

z H H?
D e Ry S R o D
. 2 4
i=1 i=1
- nH n?(n —S)H?
=Y =)y - ———— x|
P 2 4
< nH , .  ,  n(a=5H? _
=2 = PUXIP = ) = =X
i=1

n?(n — 5)H?
> ——————||X|I?,
4
It is easily seen that equality holds if and only if (A; — ”—2@)2(H X[?—x?) =0,
i =1,2,.-., n. Then equality holds if and only if either || X|| = O or there are
the other two possibilities,

(i) Ifx? # | X||?, foralli, then Ay = - -+ &, = 2, itfollows from } " A, =

nH that n has to be 2 when H # 0; Ay = ---1, = 0 (A = 0) when
H = 0. This implies A = 0 or (1) is true in the lemma 2.1.
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(i) If for some j, x7 = ||X||> # O, then x; = O for the other i # j. Hence
=2 j and A = -2V,

From the above, we see that the lemma holds true. ]

Lemma 2.2 below might be known. Since we have not found a proper refer-
ence, we give here a proof for the sake of completeness.

Lemma 2.2. Let w be a 1-form on M". Then Kato’s inequality holds on M in
sense of distributions, i.e.,

VIl < Vol (2.3)

where,V w is covariant differential of w and V ||w|| is the gradient of ||w||. More-
over, equality holds if and only if Viw;(p) = A;(p)w;(p), for all p € M, where
A (p) is a constant depending only on i and p. In addition if w is a closed and
co-closed 1-form, then equality implies that w is parallel and ||w|| = constant.

Proof.

1
foli?

3O 0;Vio)ip),  IVol’ =Y (Vi) (p).

i=1 j=1 =1

IVl () =
It follows from Cauchy-Schwartz inequality that

O wivVienip) < Qo) _(Vio)*lp)

j=1 Jj=1 ) j=1 2.4)
= o> (P)IY_(Viwp*l(p), foralli=1,---,n.
Pt
Then
}i(i »; V)X (p) < nwnz(p)[iw,-w,-)ﬁ(p), (2.5)
i=l j=1 ij—1
namely
IVilell*(p) < IVoll*(p)- (2.6)

Observe that equality in (2.6) holds if and only if the equalities hold in (2.4) for
alli = 1,---,n. Then V;w;(p) = A;(p)w;(p), where A;(p) depends only on i
and p.
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In the following, suppose w is closed and coclosed. Then

n

Y Vo (p) =0,  (Viw)(p) = (Vo) (p), Vi, j=1,---,n. (27

i=1

We will prove Vw = 0 if equality holds in (2.6). If A;(p) = 0, for some i, then
Viw;(p) =0, forall j. If &,(p) # 0, for some i, it follows from the above, that

Ai(p)w;i(p) = A;(p)w;(p), and

0=) V;w;(p)

j=1

= 3 (pw;(p)

j=l

_ Zj 1 ](P)
1i(p)
Then w;(p) =0, and V;w;(p) = A;(p)w;(p) =0, forall j,
Thus V;w;(p) = V;w;(p) = 0, for all j. We conclude that V;w;(p) = 0, for
all i, j. i.e. (Vw)(p) = 0. This means that w is parallel, and since in the sense
of distribution,

w; (p)-

IVill)? < IVo|* = 0.
Thus, ||w|| =constant. O

Let @ be a nontrivial L? harmonic 1-form on M. Suppose X is the vector
field dual to w. Then X is a nontrivial L2-harmonic vector field on M. It is well
known that

=M [wl® = 2(Joll(-M) ol + [ VIol*)

holds on M (In the sense of distributions at the zeros of w), where A denotes
Hodge-Laplace operator on M. Since w is a harmonic 1-form, the Weitzenbéck’s
formula yields (see [W1], p.307),

(=A)|lw|? = 2[Ric(X, X) + |[Vol?).
Then

loll(—A)llol = Ric(X, X) + [Vo|* — | V]o|l|* = Ric(X, X) + P(w),  (2.8)
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where P(w) = ||Vol|* — ||V|l@||||*>. For any function f € C°(M), we choose
the test function # = f||w| in (1.1). Then we have

1(h) = /M —flloll(=A)(fllwl) — Ric(N, N) 2 lol* — | A1 21wl
=— /M FHlloll(=M)llo]l 4+ Ric(N, N)llo| + | A |lo]*}
- / 2f V£, V]oll) — / flol*(—=A)f,
M M
=— /M Floll(=M) ol + Ric(N, Mloli? + A1 |w)?)} 2.9)
1 1
-5 / (V£ Viel?) = 5 / lol*(=a)£* =21V £ I,
M M
=— /M FHll@)(=A) o] + Ric(N, M) ol + 1A 21 X112} +
+ / ll21V £
M
It follows from (2.8) that (2.9) becomes
I(h) = — / FHRic(X, X) + [Vl = IVI@l* + Ric(N, N)ol*+
M (2.10)
+IAPIXI) + /M w1V £1%.

By the Gauss equation
Ric(X, X) = Ric(X, X) — (AX, AX) — (R(X, N)X, N} +nH (AX, X), (2.11)

(2.10) becomes
I(h) = —/ FHRicX, X) — (R(X, N)X, N) - | AX|)?
M+ nH (AX, X) + Kic(N, M) X|? + [APIX)* + | Vol ?
SR WA 212
= fM FA{b-Ric(X, N) + P(@) + [ AIPIXI* — | AX |+
nH (AX, X)) + /M ll2IV £1P,
where

b-Ric(X, N) = Ric(X, X) + Ric(N, M) X||* - <R(X, N)HX, N).
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From Lemma 2.1, we have

n(n — 5)H?

X[+
) X1}

I(h) < — / FHb-Ric(X, N) + P(w) —
M (2.13)

T / llP1V 1P
M

We are now ready to prove our theorems.

Proof of Theorem 1. Assume for the sake of contradiction that there exists a
nontrivial > harmonic 1-form w on M. Suppose X is the vector field dual to w.
We choose the C* function f satisfying:

Ho=y=1,
(2) f=1onB(3), and f = 0 outside B(r),

B3 IVFI < € where C is a positive constant.

Then,

0<I(h)

2 _ 2
< —/ (b-Ric(X, M) + P(w) — Iy %/ ol
B(%) 4 = JBm

(2.14)
where, by Kato’s inequality, P(w) = |[Vo|?> — ||V]w|/|[*> = 0. By letting
r — o0, the second term of (2.14) tends to zero because of L? integrability of
o. By hypothesis, along M

n*(n —5) o
4

Hence the integrand of the first term of (2.14) must be identically to zero and
equalities must hold in all inequalities we have used. Thus,

b-Ric(u, v) >

P(w) =0, (2.15)
2 2
b-Ric(X, N') — Muxnz =0, (2.16)
200
JAPIXI — 1AXIP +nH (4%, %) = =D pyxpe. @
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From P (w) = 0 and Lemma 2.2, it follows that ||| =constant and w is parallel.
Hence, by (2.8), Ric(X, X) = 0. By Gauss equation (2.11), we have

Ric(X, X) — |AX|? — <1€(X, ANX, N> +nH(AX,X)=0. (2.18)

Then, by the definition of bi-Ricci curvature, (2.18) becomes

b-Ric(X, N) + (|AIIP|X|* — |AX|* + nH (AX, X))

—Ric(N, M X|* — |AIPIX]> =0, @)
By (2.16) and (2.17), we obtain
Ric(N, MIIX|* + [|AIP[X]* =0,
By | X||?> = ||lw||> = Constant # 0, we have
A]12 + Ric(N, N) = 0. (2.20)

For any tangent vector § on M, from Gauss equation (2.11) which holds also for
any §,

Ric(¢, £) = Ric(¢, £) — || A& — (R(E, N)E, N) +nH (A&, £)

= nH (AE, &) — | AE* + | AIPE 12+
+ b-Ric(£, N) — Ric(N, N)[&]* — [ AIPNE]

By Lemma 2.1,

n(n —5)

7 H?||£||% + b-Ric(¢, N) — Ric(N, N)IEN> — I|AII% €117

Ric(§, &) = —

By hypothesis and (2.20), we obtain
Ric(¢, £) > —Ric(N, M)E* — | AIPlIEN* = 0.

We conclude from [Y] that the volume of M is infinite because M is com-
plete noncompact with nonnegative Ricci curvature. Since w is an L? 1-form,
|||l =constant and vol(M) = oo, we have ||w|| has to be zero which is a con-
tradiction. O
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Proof of Theorem 2. Suppose that » is a nontrivial harmonic 1-form on M"
and X is the vector field dual to w. We can choose f = 1in (2.13). Similar to
the proof of Theorem 1, the strong stability of M implies :

IVoll* = V]l

~ 2(p -5
b-Ric(X, N) — %—)Hznxn2 —0,
n*(n — 5)
IAIPIXI” = |AX > + nH (AX, X) = ~—~Z—H2IIXIIZ-
Then the conclusion can be obtained from Lemma 2.1 and 2.2. Observe that
when n = 2, b-Ric of N is equal to the scalar curvature of N. O

Proof of Theorem 3. Suppose that {e;, e;, N'} is an orthonormal frame field
of T,N at p € M, where {e;, e,, } is an orthonormal frame field of T,M and N

is a normal vector field at p € M. Since b-Ric(el, e) = S, then (2.13) becomes
0<Ih) < ~f FHSIXI? + P(o) +3H2[ X% +f lol*IVAI2. 22D
M M

(i))When M is compact, choose f = 1in (2.21)

0<1(h < —/ SIXIP + P(@) + 3K X|). (2.22)
M

If |lolf = 0, i.e. there exists no nontrivial harmonic 1-form on M, then the
first Betti number 8y (M) = 0. This implies M must be conformally equivalent
to a sphere ([FK], p.73, Corollary 1). Otherwise, i.e. there exists a nontrivial
harmonic 1-form on M, then it follows that, from Theorem 2, M is umbilic, S
is a constant § = —3H? along M, and o is parallel. Parallelity of @ implies
K =0,1e. M is flat. By the Gauss-Bonnet formula, X (M) = 0. Thus M has
to be conformally equivalent to a torus. ([FK], p.90, Corollary 1).

(ii) When M is noncompact, choose f as in (2.14). Then (2.21) becomes

01t =~ [ (SIXIP+PG)+3HXP) + %fg( ol @23

B(%) r

Let M be the universal covering of M. Then M is conformally equivalent to
the complex plane C or the disk D. Since the strongly stability of surfaces with
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constant mean curvature is defined by compactly supported variation, M is still
a complete noncompact strongly stable surface in N (The argument is similar
to that in [dCP]). Hence by Theorem 1, there exist no nontrivial L? harmonic
]-forms on M. But we know there exist nontrivial L2 harmonic 1-forms on disk
D ([D]), thus M must be conformally equivalent to C. Hence M is conformally
equivalent to either C or C\{0}. ([FK], p.193). J

Acknowledgment. The author wishes to thank Professor Manfredo do Carmo
for his encouragement and orientation.
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